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alkali metals along the liquid-vapour coexistence curve 

N Matsuda, H Mori, K Hoshino and M Watabe 
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Abstract. The structures of expanded liquid alkali metals, Na. K, Rb and Cs, along the 
Liquid-vapour coexistence curve are investigated theoretically by employing the integral 
equation method in the modified hypernerted-chain (hIHNC) approximation and the mol- 
ecular dynamics (m) simulation. Excellent agreement is obtained between the MHNC and 
the MD results, which also agree well with the experimental results. It is shown from lhese 
systematic investigations that the characteristic features of the density dependence of the 
structure alongthe liquid-vapour coexistence curve observed for expanded liquid Rb (Franz 
er01 1980) andCs (Winterelal1987) arecommon featuresforexpanded liquidalkali metals. 

1. Introduction 

Although the structure of liquid metals near the triple point has been extensively studied 
experimentally and theoretically and is considered to be well understood, there has been 
little experimental work on the structural change of liquid metals over a wide range of 
densities and temperatures. Recently neutron scattering experiments were carried out 
for liquid Rb (Franz et al 1980, Franz 1980) and Cs (Winter er a1 1987) from their 
melting points up to their critical points along the liquid-vapour coexistence curve. The 
interesting characteristic feature found for these expanded liquid metals is that, when 
liquid metals are expanded along the liquid-vapour coexistence curve and the density 
decreases, the number of nearest-neighbour atoms decreases without changing the 
nearest-neighbour distance. 

The structural properties of expanded liquid Rb have been studied by perturbation 
and integral-equation theories (Bratkovsky et af 1982, McLaughlin and Young 1984, 
Kahl and Hafner 1984, Gonzalez er a1 1990) and by simulations (Mountain 1978, 
Tanaka 1980) on the basisofthe effective pair potentialcalculated by the pseudopotential 
theory with various types of pseudopotentials. Very recently, we (Hoshino et af 1990a, 
1990b, Mori et al 1990) have investigated the structure of expanded liquid Cs along 
the liquid-vapour coexistence curve by the integral equation theory in the modified 
hypernetted-chain (MHNC) approximation and by the molecular dynamics (m) simu- 
lation, and succeeded in reproducing the characteristic features of the structure of 
expanded liquid Cs observed by Winter eta1 (1987). 

The purpose of this paper is to investigate theoretically whether the characteristic 
features of the structure of expanded liquid Cs along the liquid-vapour coexistence 
curve are common features for all alkali metals or not. For this purpose we have 
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Table 1. Pseudopotential parameters in atomic units. 
~~~ ~~ 

~~ 

~ ~ ~~ ~ ~~~~~ ~~ 

a b R, 

Na IO 2.0 1.90 
K 20 1.7 2.55 ~~ 

Rb 21 1.4 2.85 
cs 22 1.2 3.25 

~~~ ~ ~ 

investigated systematically the overall trend of the structural change of expanded liquid 
Na. K and Rb along the liquid-vapour coexistence curve using the MHNC approximation 
and the MD simulation based on the pair potentials calculated by using the same type of 
pseudopotentials and the same dielectric function as those used in our calculation of 
expanded liquid Cs (Hoshino et a1 1990a, 1990b, Mori el a1 1990). By combining our 
previousresultsfor Csand the present results, wediscuss the universality in thestructural 
change of expanded liquid alkali metals. 

2. Pseudopotentials and pair potentials 

In this paper we employ a new local empty-core pseudopotential proposed recently by 
Hasegawa eta1 (1990, hereafter referred to as HHWY potential) given, in atomic units, 
by 

for r < R ,  

for r > R, {-(;/r)(l + uexp(-br)) 
u(r) = 

where Z is the valency and Z = 1 for alkali metals. Here a and b are determined so as to 
fit this form to the electron-ion potential calculated in the local density functional 
approximation. The ralues thus obtained are shown in table 1 for Na, K, Rb and Cs. 
Only R,  is considered as a disposable parameter. A merit of this analytic form is that its 
Fourier transform also has a simple analytic form as is given below by equation (3). The 
parameter R, is determined so as to reproduce theoretically the position of the first peak 
and the low q behaviour of the observed structure factor near the triple point. The values 
of R, thus determined are also shown in table 1. We assume that the pseudopotential 
parameters do not depend on density or temperature. 

The important feature of the HHWY potential is the inclusion of the core-valence 
exchange-correlation potential, which has a longer tail than the Hartree potential docs, 
as was pointed out by Hoshino and Young (1986) and Hasegawa etaf (1990). This effect 
is substantial for heavy alkali metals such as Rh and Cs near the core radii, although it 
is less important for Na. 

Following a standard procedure, we obtain the effective pair potential q(r) by the 
pseudopotential theory. That is, the q(r)  is given by 

Is' (L - 1) lu(q)Iz exp(iq. r) dq 
Z* 

p(r) = - -t - 
r (h)3 4n 
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where u(q) is the Fourier transform of u(r) and calculated analytically from equation ( 1 )  
to be 

u(q) = -(4nZ/q2) cos qr,{l + [aq2/(q2 + b2) ]  exp(-bRJ(1 + tan qR,)}.  (3) 

The dielectric screening function &(q) is given by 

z(q) = 1 - (4dqz)xO(q)/i1 + (4dq2)Wxo(s)l (4) 

where xo(q) is the Lindhard function and G(q) is the local field correction, for which we 
use the form proposed by Ichimaru and Utsumi (1981). Note that the effective pair 
potential depends on the number density of conduction electrons through the density 
dependence of &(q). 

3. Methods of calculation 

3. I .  Modified hypernetred-chain (MHNC) approximation 

It has been proved for various liquid systems (Rosenfeld and Ashcroft 1979, Pastore 
and Kahl 1987, Kahl and Pastore 1988) that the MHNC approximation is a very good 
approximation in the sense that it produces results which agree very well with computer 
simulations as well as experimental results. Therefore, we employ this approximation 
to investigate the structural change of expanded liquid alkali metals over a wide range 
of densities. 

In the integral equation theory, the Omstein-Zemike relation 

h(r) = c(r) + n c(1r - r’l)h(r’) dr’ ( 5 )  I 
is supplemented by the closure 

g(r) = exp(h(r) - c(r) - B W  + B W )  (6) 

where n is the number density, B = l /k ,T,  c(r) the direct correlation function, g(r) the 
pair correlation function, h(r) = g(r) -1 the total correlation function and E(r) the 
bridge function. In the ~mcapproximation (Rosenfeld and Ashcroft 1979) the function 
B(r) is approximated by the one for the hard sphere system Ek(r), which is specified by 
a single parameter, i.e. a packing fraction 11 = nnu3/6, u being a hard sphere diameter. 
In the present work we use the Percus-Yevick solution for Bk(r).  To solve the MHNC 
equations, (5) and (6) ,  numerically, we employ the efficient algorithm due to Gillan 
(1979). 

To determine the bridge function parameter 7, we have employed the criterion due 
to Lado eta1 (1983), in which 11 is chosen so as to minimize the free energy; the condition 
is given by 

where g(r )  is the pair correlation function calculated in the MHNC approximation for the 
system described by the effective pair potential ~ ( r ) .  Note that we can obtain similar 
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Table 2. Temperatures Tand densities d. Density data are taken from Frau eral(1980) for 
Rb. Winter etal(1987) for Cs and Shpil’rain er U /  (1985) for Na and K. 

Na T(K) 380 820 1400 2MM 
d(gcm-’) 0.9236 0.8203 0.6819 0.5W7 

MO 720 1400 1800 
0,4583 

K T(K) 
d(gcm”) 0.8285 0.7395 0.5724 

Rb T(K) 350 9M) 1400 1700 
d (g cm-’) 1.459 1.214 0.97 0.798 

Cs T(K) 323 773 1373 1613 
d(gcm”) 1.83 1.57 1.21 0.96 

results by employing the so-called thermodynamic self-consistency condition to det- 
ermine the bridge function parameter, but the results are less satisfactory quantitatively 
for expanded liquid Cs (Hoshino et a1 1990a, 1990b). 

3.2. Molecular dynamics simulation 

We have performed a standard MD simulation. In our hm simulation we took the total 
number of atoms N = 512 in a cubic cell L x L XL. The values of L were chosen so as 
to reproduce the observed density at each temperature in our simulation cell. We have 
confirmed that the results for N = 512 are in excellent agreement with those obtained 
for N = 1000 in some selected cases, and therefore performed our simulation for N = 
512. The periodic boundary condition is employed and the cut off of the pair potential 
orthe forcerange ischosen as L/2. Theinitialconfigurationwasconstructed by displacing 
particles randomly from the simple cubic lattice sites. The total numbers of time steps 
are 2000-4000 steps with a time step At = 2.4 x 10-15s and the last SO0 configurations 
are used to obtain the pair correlation functions. The initial velocities of all particles are 
chosen to be zero and the velocity scaling method is used to attain the corresponding 
temperature. 

4. Results 

Wepresent the resultsofthe~~~~and~~calculationsforNa,KandRbaswell asthose 
obtained previously for Cs (Hoshino et a1 1990a,b, Mori ef a1 1990). The temperatures 
and the densities used in our calculations are shown in table 2. The values for Rb and Cs 
correspond to those states for which neutron experiments (Franz eta1 1980, Winter ef nl 
1987) were carried out. As for Na and K, the data of the x-ray experiments (Waseda 
1980) are available only at lower temperatures. 

Since our calculation is performed by employing the effective pair potential obtained 
by the pseudopotential perturbation theory, based on the nearly-free-electron model, 
there is a limitation of its validity; our theory is not applicable when the system is 
close to the critical point. where the metal-non-metal transition is known to occur for 
expanded liquid alkali metals. The critical temperatures for Rb and Cs, determined 
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Figure 1. The pair correlation function ~ ( r )  for 
expanded liquid alkali metals calculated for sev- 
eral temperatures in the MHNC approximation 
(full curve) and by the MD simulation (open 
circles). (U )  Na, (b) Kand (c) Rb.  

accurately by Jiingst eta1 (1985), are 2017 and 1924K, respectively, and those for Na 
and K are estimated to be 2505 and 2280 K, respectively (Shpil'rain et a1 1985). 

4. I. Pair correlation functions 

It was shown in our previous paper (Mori er a1 1990) that the pair correlation functions 
of expanded liquid Cs calculated in the MHNC approximation are in excellent agreement 
with those obtained by the MD simulation if we use the same pair potential in both 
calculations. To see if the MHNC approximation is successful for other alkali metals, we 
compare the pair correlation functionsg(r) for expanded liquid Na, K and Rb calculated 
in the MHNC approximation with those obtained by the MD simulation in figures I ( a ) ,  
l (b)  and l(c), respectively. The agreement between the MHNC and the MD results is 
excellent in all cases. Since we have used the pair potentials described in section 2 in 
these calculations, we can confirm the accuracy of the MHNC approximation for expanded 
liquid alkali metals. 
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Figure 2. The pair correlation functions g(r) for 
expanded liquid alkali metals calculated in the 
MHNC approximation (full curve) and those 
obtained by Fourier transforming the exper- 
imenlalstNctue factors(dors). (a) Na, (b)  Kand 

5 10 15 (c) Rb. There are no experimentill data for Na 

0 

0 
[(A) and Kat higher temperatures. 

In figures 2(a),  2(b)  and 2(c) we compare the pair correlation functions g(r)  for 
expanded liquid Na, K and Rb, respectively, calculated by the MHNC approximation 
with the ‘experimental’ ones obtained by Fourier transforming the observed structure 
factors(Waseda 1980, Franzetd1980). Note that theexperimentalstructure factorsfor 
liquid Na and K are available only near the triple point at present, though neutron 
scattering measurement was carried out for liquid Rb from the triple point to its critical 
point. It is seen from these figures that the agreement between the theoretical and the 
experimental results is fairly good when considering the ambiguity due to the numerical 
Fourier transform of the experimental data, which is available only for a finite range of 
wave numbers. 

One of the most interesting characteristic features of the observed density depen- 
dence of the structure of expanded liquid Rb and Cs is the position of the first peak 
of g ( r )  that does not change when the density is decreased along the liquid-vapour 
coexistence curve. To see this feature systematically, we show in figure 3 the positions 
of the first peaks of g ( r )  of expanded liquid Na, K, Rb and Cs as a function of density 
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FIgorP 3. The positions of the fin1 peaks of the 
pair correlation iunctions g(r) ,  calculated in the 
MHNC approximation, of expanded liquid Na, K, 
Rb and Cs as a function of density d scaled with 
dmp, the density at the melting temperature 

Fwre 4. The density dependence of the number 
of nearest-neighbour atoms, calculated in the 
mcapproximation,for expandedliquid Na, K, 
Rb and Cs. 

scaled with the density at the melting temperature. Our theoretical results show that the 
fact that the positions of the first peak of g(r) do not change along the liquid-vapour 
coexistence curve is common to all liquid alkali metals. 

4.2. Number of nearest neighbour atoms 

We have calculated the number of nearest-neighbour atoms N , ,  following Winter et ai 
(1987), by 

N I  = 2n (b' g(r)4nrz dr  

where r I  is the position of the first peak of g(r).  The density dependences of N I  for 
expanded liquid Na, K ,  Rb and Cs are shown in figure 4, where N I  of each metal is shown 
as a function of density scaled with its density at the melting point. As is clearly seen 
from this figure, it is a common feature of expanded liquid alkali metals that the number 
of nearest-neighbour atoms N ,  decreases almost linearly with respect to density. This 
feature is consistent with the observed one for expanded liquid Rb (Franz eta1 1980) and 
Cs (Winter et a[ 1987), although no data are available for expanded liquid Na and K at 
present. 

4.3. Structure factors 

Another interesting structural feature of expanded liquid metals is the density depen- 
dence of the structure factor, in particular that of the low q behaviour of S(q). In figures 
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Figure %The structure factonot expanded liquid 
alkali metals calculated in the MHNC approxi- 
mation (full curve) are compared with the exper- 
imental results (dots): (U )  Na and ( b )  K (Waseda 
1980). Rb(Franzer d 1980). 

5(a), 5(b) and 5(c) we compare the structure factors of Na, K and Rb, respectively, 
calculated for several temperatures in the MHNC approximation, with experimental 
results: neutron diffraction results for Rb due to Franz eta1 (1980) and x-ray diffraction 
results for Na and K due to Waseda (1980), the latter results being available only near 
the triple points. The agreement between theory and experiment is very good. In the 
case of Rb, we can reproduce well the density dependence of the S(q) for a wide range 
of temperatures and densities. 

In figure 6 we show the temperature dependence of the heights of the first peaks of 
S(q) for expanded liquid Na, K,  Rb and Cs, where the peak height and the temperature 
are scaled with their values at the melting point. It is interesting to note that those four 
kinds of data are well fitted by a single universal curve. Such a feature was also found 
experimentally by Winter eta1 (1987). 

It is interesting to see the increase of the long-wavelength density fluctuation S(0) as 
the density decreases along the liquid-vapour coexistence curve. We show the theor- 
etical and the experimental S(0) for expanded liquid Na, K, Rb and Cs in figures 7(a) 
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Figure 6. The temperature dependence of the 
heights of the'fint peaks of the structure facton, o.bO o'6u 1.0 2.0 3.0 4.0 5.0 6.0 calculated in the MHNC approximation, of 
expanded liquid alkali metals. ,Tm, 
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Figure 7. The long-wavelength limit S(0) of the stmcture [actors of expanded liquid alkali 
metals. ( a )  theory (MHNC), (b)  experiment. 

and7(6), respectively, asafunctionofdensityscaledwith thedensityat the meltingpoint. 
The agreement between theory and experiment isvery good, although the experimental 
data for Na and K are available only near the melting temperature. 

5. Summary and discussions 

In this paper we have presented the results for the pair correlation functions, the number 
of nearest-neighbour atoms and the structure factors of expanded liquid alkali metals, 
Na, K, Rb and Cs, along the liquid-vapour coexistence curve, calculated in the MHNC 
approximation and by the MD simulation based on the effective pair potentials obtained 
by the pseudopotential theory. The agreement between the MHNC and the MD results is 
excellent. These theoretical results also agree well with the experimental results. From 
these systematic investigations we have found that the characteristic features of the 
density dependence of the structure along the liquid-vapour coexistence curve observed 
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forexpandedliquidRb(Franzera[1980)andCs(Winterera11987) are common features 
of expanded liquid alkali metals. 

In general, it is important for alkali metals except for Na to take into account the 
non-locality of the pseudopotential in order to obtain better quantitative agreement 
between theoretical and experimental results. We have employed simple local empty- 
core pseudopotentials in this paper to calculate the effective pair potentials, because our 
main purpose of this paper is to investigate systematically the overall trend in the density 
dependence of the structure of expanded liquid alkali metals along the liquid-vapour 
coexistence curve. We have not, however, included Li in the present calculation, since 
it is well known that the non-local effect is essentially important for Li, In order to study 
the density dependence of the structure of expanded liquid Li, we need to use a more 
complicated non-local pseudopotential. 
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chromatized Cu KO x-ray source as incident radiation. Temperatures regulated in the 
range 23 K to room temperature were obtained with a closed-circuit cryostat. The 
photographtc study was completed by quantitative intensity measurements using a 
position-sensitive linear detector. 

7.2. Results 

Evidence for a low-temperature structural distortion is seen by comparison of the x-ray 
scattering patterns taken at about 30 K (figure 16(a)) and at about 65 K (figure 16(b)). 
Figure 16(a) shows supplementary Bragg reflections, with two types of intense satellite 
reflections present below 56.5 K: 

(i) Incommensurate superlattice spots (identified with black arrows in figure 16(a)), 
which can be indexed by the reduced wavevector q, = (1, i(l - 6 ) ,  0) with respect to 
the main Bragg reflections of the high-temperature C-centred monoclinic lattice. The 
deviation from the commensurate wavevector (1, i, 0) is very small, with 6 equal to 
about 0.04, and this value does not vary significantly with temperature between 56.5 K 
and the lower limit of these experiments of 23 K. 

(ii) Commensurate Bragg reflections (identified with white arrows in figure 16(a)), 
at the reduced wavevector qe = (1,0,0). These break the C centring monoclinic sym- 
metry of the high-temperature structure. 

A E Underhill et a1 

Figure 16. X-ray patterns from Cs[Pd(dmif):J, (0 )  

below and (b )  above To. The black arrows point 
towards the q, satellite reflections and their pre- 
transitanal fluctuations. The white arrows show 
the qs satellite reflections. The a' and b' wave- 
vectors are indicated in ( b )  by the small and long 
whitearrowsrespectively. Locatiunin the(o*, b') 
reciprocal planeof (c) andq, andq, below T,and ' 

( d )  the zig-zag diffuse scattering above Tv 


